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Abstract
Repeated small amplitude dynamic loading of the soil in the vicinity of buildings, as arising from traffic or
construction activities, may cause differential foundation settlements and structural damage. In this paper,
an accumulation model for settlements due to vibrations at small strain levels in granular non-cohesive soils
is proposed. It is assumed that the dynamic part of the stresses is small with respect to the static part. As
plastic deformation in the soil is only observed after a considerable amount of dynamic loading cycles, only
the accumulation of the average plastic deformation is considered. The model accounts for the dependency
of the deformation on the stress state, the void ratio, and the dynamic loading amplitude. The model is
calibrated for homogeneous fine grained sands with the aid of cyclic triaxial test results.
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1. Introduction
Repeated dynamic loading of soils under low amplitude vibrations is a subject of growing interest [1, 6,
9, 23]. Low amplitude ground vibrations are generated by road and railway traffic, subways, construction
works (e.g. pile driving, tunneling or blasting) or heavy industry (e.g. machine foundations). These vibrations
propagate through the soil and impinge on the foundations of nearby structures.
For small amplitude dynamic loading with resulting strain amplitudes below 10−4, no (measurable)
residual deformation is observed for a single load cycle and the constitutive behavior of the soil can be
described by linear visco-elastic models. After a large numbers of events, however, permanent deformation
is observed in many cases [9, 18, 23]. The accumulation of strain is due to the rearrangement of grains, shear
deformation, abrasion of soil particles, and non-recoverable drainage of pore water during cyclic loading.
This phenomenon, characterized by elastic behavior on the short term and plastic behavior over a large
number of load cycles, is referred to as strain accumulation [23]. On the long term, repeated dynamic
loading of the soil in the vicinity of foundations may therefore result in a significant plastic deformation of
the soil [5], causing differential foundation settlements and a considerable increase of the internal forces in
the structure, resulting in structural damage.
A numerical model for the prediction of the accumulation of strain provides a proper understanding of
the mechanical behavior of soil in the vicinity of foundations and allows for the prediction of foundation
settlements. As the permanent deformations are only observed after a large number of load events, a consti-
tutive model can be formulated that only describes the accumulation of the average permanent deformation
per load cycle. This approach has originally been used to model metal fatigue [7, 10] and has also been
adopted to compute settlements of roads [1, 2, 8] and railway tracks [19, 20] under a large number of axle
passages. This method is preferred above a step-by-step integration of the complete loading history as this
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would require a large computational time, even for problems of moderate size. A step-by-step integration
of the entire loading history may also suffer from large numerical errors, as the accumulated strain per load
cycle is of the same order of magnitude as the numerical error [14].
Suiker [19, 20] proposed a methodology for granular materials under large amplitude cyclic loading to
assess deterioration of railway tracks. The long term constitutive behavior of ballast is based on a shakedown
concept [16], where it is assumed that no permanent deformations occur if the cyclic load level is sufficiently
small. If this elastic limit is exceeded, permanent deformations may gradually decrease or increase, which is
referred to as shakedown and ratcheting, respectively. Suiker formulated the constitutive model in a form
that shows strong analogies with the Perzyna visco-plastic model [15]. It is assumed that the permanent
deformation is caused by two separate mechanisms, frictional sliding and volumetric compaction, which are
accounted for through the use of two state variables in a classical plasticity framework.
The model of Suiker can only be rigorously applied if the cyclic loading amplitude can be computed
as the quasi-static response of the subgrade due to the axle loads. However, the model makes no explicit
distinction between the static and cyclic stress contributions, where the cyclic loading amplitude should be
relatively large with respect to the static part. This assumption is admissible for the computation of the
response of a railway track, but is not applicable underneath the foundations of structures where the cyclic
part of the response is much smaller than the static pre-loading.
Niemunis et al. [14] formulated an accumulation model for granular materials under low amplitude
cyclic loading, referred to as the Bochum accumulation model. In contrast to the model of Suiker, a tensorial
formulation is used that aims to account for anisotropic effects during settlement such as a change of loading
direction. The accumulation of deformation is non-vanishing and no shakedown behavior is encountered:
compaction continues until a minimum void ratio is achieved. The model depends on a large number of
parameters, for which an extensive amount of laboratory tests has been performed [23]. In order to obtain
information on the anisotropic soil behavior, a torsional shear device and a cyclic multidimensional simple
shear device have been used in addition to a cyclic triaxial test apparatus. Besides the need for a large
number of model parameters, the incorporation of this model into a consistent finite element framework is
not straightforward.
The aim of the present paper is to formulate an accumulation model for granular soils under low amplitude
cyclic loading that is well suited for implementation in a finite element framework, where it is assumed that
the cyclic part of the loading is small with respect to the static part, reflecting the stress conditions in the
soil underneath a structure loaded by a low amplitude incident wave field. Some elements of the model of
Suiker and the Bochum accumulation model are adopted.
The difference with Suiker’s model is that explicit distinction is made between the static and cyclic part of
the loading. The cyclic loading amplitude is regarded as a material parameter, while the equilibrium equation
is solved for the average stress state. Furthermore, a different evolution law for the accumulated strains
is formulated based on experimental observations. For the numerical integration, the sound framework of
Suiker is applied to the new accumulation law.
This paper is organized as follows: in section 2, the general approach is outlined and the accumulation
model is formulated. In section 3, the accumulation model is calibrated for two medium coarse to coarse
sands based on cyclic triaxial test results. In subsection 3.2, the model is calibrated in order to investigate
the influence of the stress state on the accumulation behavior. The influence of the variation of the void
ratio and the loading amplitude is discussed in subsection 3.3.
2. Accumulation model
2.1. Strain decomposition
A considerable amount of irrecoverable deformation is observed in soils after the application of a large
number of low amplitude load cycles. An accumulation model describes the variation of the average per-
manent deformation per load cycle. The stresses and strains in a soil sample subjected to a low amplitude
cyclic load are shown schematically in figure 1. The stress tensor σij in the soil is decomposed as:
σij = σ¯ij + σ
cyc
ij (1)
2
where σ¯ij is the average (static) part of the stress tensor and σ
cyc
ij is the small amplitude cyclic part of the
stress tensor (figure 1). The mechanical sign convention is used where tensile stresses are positive. It is
assumed that the cyclic part σcycij of the stress tensor is small with respect to the static part σ¯ij , reflecting
the stress conditions in the soil underneath a structure loaded by a low amplitude incident wave field. As a
result of the application of the cyclic stress, the soil deforms. The strain tensor ǫij is similarly decomposed
as:
ǫij = ǫ¯ij + ǫ
cyc
ij (2)
where ǫ¯ij is the average strain tensor and ǫ
cyc
ij is the cyclic part of the strain tensor (figure 1).
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Figure 1: Long term and short term strain history ǫij for soils under low amplitude cyclic loading σij .
The average strain tensor ǫ¯ij gradually increases as the number of load cycles N is increased. The average
strain tensor ǫ¯ij is decomposed into a recoverable elastic part ǫ
e
ij and an irrecoverable accumulated or plastic
part ǫaccij as:
ǫ¯ij = ǫ
e
ij + ǫ
acc
ij (3)
The cyclic part ǫcycij of the strain tensor varies on the short term as a direct result of the cyclic loading
amplitude σcycij . The cyclic part of the deformation ǫ
cyc
ij is assumed to be entirely recoverable and is governed
by elastic material behavior.
In the following subsections, a new accumulation model is proposed for the accumulation of deformation.
In subsection 2.2, the elastic material behavior for the recoverable part ǫeij of the average strain and for the
cyclic part of the strain ǫcycij is discussed. Section 2.3 describes the irrecoverable part ǫ
acc
ij of the average
strain, specified in terms of the accumulation rate dǫaccij /dN with respect to the number of load cycles N .
2.2. Elastic material behavior
The elastic part of the deformation is determined by the constitutive relation:
σ¯ij = Cijklǫ
e
kl (4)
where Cijkl is the constitutive tensor:
Cijkl =
3Kt
2(1 + ν)
((1− 2ν) (δikδjl + δilδjk) + 2νδijδkl) (5)
defined in terms of the (constant) Poisson’s ratio ν, the tangent bulk modulus Kt and the Kronecker delta
δij . In order to account for the increase in material stiffness for an increasing pressure, a pressure dependent
elastic power law is adopted for the tangent bulk modulus [18, 22]:
Kt = Kref
(
p
pref
)1−ne
(6)
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with Kref the reference bulk modulus, p = σ¯kk/3 the hydrostatic pressure, pref a reference pressure and ne
a model parameter. In combination with a constant Poisson’s ratio ν, this power law determines the elastic
material behavior.
For the cyclic part ǫcycij of the strain tensor, the same linear behavior is considered:
σcycij = Cijklǫ
cyc
kl (7)
Equation (7) is used in section 3 for the calibration of the bulk modulus Kt.
2.3. Accumulation of strain
The accumulation of deformation is a result of particle rearrangements. Suiker [19, 20] distinguishes
two distinct mechanisms: frictional sliding and volumetric compaction of soil particles. This assumption is
adopted in the present model.
Volumetric compaction of soil particles is described by the accumulation of the volumetric strain tensor
ǫacckk . Frictional sliding of soil particles is characterized by the deviatoric strain invariant κ
acc, defined as:
κacc =
√
2
3
eaccij e
acc
ij (8)
where eaccij = ǫ
acc
ij − ǫ
acc
kk /3δij is the deviatoric strain.
As in classical plasticity, the material state is accounted for by the use of state variables. Two state
variables κacc,f and ǫacc,ckk are introduced for frictional sliding and volumetric compaction, respectively. The
accumulation rate dǫaccij /dN is decomposed into a part generated by frictional sliding and a part generated
by volumetric compaction:
dǫaccij
dN
=
dκacc
dN
mfij +
dǫacc,ckk
dN
mcij (9)
where the unit tensors mfij and m
c
ij represent the direction of accumulation for both mechanisms.
Besides a considerable deviatoric deformation, frictional sliding of soil particles results in a volumetric
deformation of the soil as a result of dilation. The volumetric part of the accumulated strain dǫaccij /dN is
related to both frictional sliding and volumetric compaction:
dǫacckk
dN
= df
dκacc,f
dN
+
dǫacc,ckk
dN
(10)
where the parameter df controls the dilation induced by deviatoric deformation. The deviatoric part of the
accumulated strain dǫaccij /dN is entirely due to the frictional mechanism:
dκacc
dN
=
dκacc,f
dN
(11)
Therefore, the superscript f will be omitted in the following.
2.3.1. Direction of accumulation
According to the experiments of Chang and Whitman [4] and Luong [11], the direction of accumulation
only depends on the stress state. However, Wichtmann [23] detected a measurable influence of the number
of load cycles on the direction of accumulation after large numbers of load cycles. This influence is neglected
in the present model. Accordingly, the direction of accumulation is derived from the Mohr-Coulomb yield
surface. This approach has also been adopted by Suiker [18] and is in correspondence with triaxial test
results [12, 13, 19, 23]. For frictional sliding the direction of plastic flow reads as:
mfij =
∂q
∂σij
+ df
∂p
∂σij
=
3
2
sij
q
+
1
3
dfδij (12)
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where sij = σij−σkk/3δij is the deviatoric stress tensor and q =
√
3/2sijsij is the deviatoric stress invariant.
For volumetric compaction, the deformation is purely volumetric:
mcij =
δij
3
(13)
Upon substitution of equations (12) and (13) into equation (9), the accumulated strain becomes:
dǫaccij
dN
=
dκacc
dN
3
2
sij
q
+
(
df
dκacc
dN
+
dǫacc,ckk
dN
)
δij
3
(14)
2.3.2. Accumulation rate
The accumulation rates dκacc/dN and dǫacc,ckk /dN depend on a large number of parameters. Wichtmann
[23] reviewed the effect of various parameters on strain accumulation and studied many dependencies exper-
imentally. The parameters can be classified into three categories: the state of the soil, the stress state, and
the characteristics of the cyclic loading. The soil is characterized by its void ratio, uniformity, grain size,
granulometric composition, fabric (including intergranular structure, shape, surface roughness, mineralogy
of grains), moisture content and historiotropy (including aging effects as cementation, abrasion, and static
and cyclic preloading). The stress state is described by the hydrostatic stress p and the stress ratio η = q/p.
The dynamic loading is characterized by the number of load cycles, the amplitude and the cyclic loading
frequency.
In order to account for the influence of these parameters, the assumption of a common compaction curve
is made [17, 23]. This implies that the shape of the compaction curve is invariant with respect to a variation
of a parameter. Based on this assumption, a phenomenological law is put forward that describes the shape of
the compaction curve. In cyclic triaxial tests, the compaction curve is characterized by an initial logarithmic
growth of the deviatoric strain invariant as a function of the number of load cycles. After a certain number
of load cycles, the growth becomes linear. Hence, the deviatoric accumulation κacc is written in the form:
κacc = c1 ln (1 + c2N) + c3N (15)
where c1, c2 and c3 are constants. From equation (15), the deviatoric accumulation rate is found as:
dκacc
dN
=
c1c2
1 + c2N
+ c3 (16)
The deviatoric accumulation rate dκacc/dN is subsequently formulated in terms of the state variable κacc,
where the number of cycles N is eliminated from equation (16). Therefore, it is assumed that the first
term on the right hand side of equation (16) is only important at the onset of loading, during the initial
logarithmic growth of the deformation. Neglecting the term c3N in the right hand side of equation (15)
results in:
κacc ≈ c1 ln (1 + c2N) (17)
or equivalently:
1
1 + c2N
≈ exp
(
−
κacc
c1
)
(18)
Substition of equation (18) into equation (16) yields:
dκacc
dN
= c1c2 exp
(
−
κacc
c1
)
+ c3 (19)
Equation (19) is written alternatively as:
dκacc
dN
= αf exp (−θfκ
acc) + βf (20)
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where αf = c1c2 and θf = 1/c1 prescribe the initial exponential decrease of the accumulation rate and βf = c3
corresponds to the final value of the accumulation rate after a large number of cycles. For the volumetric
strains, a similar law is proposed:
dǫacc,ckk
dN
= −αc exp (+θcǫ
acc,c
kk )− βc (21)
where αc, θc and βc are model parameters. As the current model aims to predict settlements of soils under
compressive stresses, the accumulated volumetric strain as well as the accumulation rate are negative. On
the other hand, the deviatoric strain invariant and the deviatoric accumulation rate are positive. As positive
model parameters are generally preferred, different signs are employed in equations (20) and (21).
The dependency of the model parameters αf , θf and βf on the stress state (p,q) is now further elaborated.
The assumption of a common compaction curve [17, 23] implies that the ratio between two compaction curves
at different stress ratios η = q/p and η0 = q0/p0 is constant [23]:
κacc(N, η) = ff(η)κ
acc(N, η0) (22)
where (p0,q0) is a reference stress state and ff(η) is a scaling parameter. Equation (22) is alternatively
written as:
dκacc
dN
(N, η) = ff(η)
dκacc
dN
(N, η0) (23)
Substituting equation (20) into equation (23) results in:
αf(η) exp
(
− θf (η)κ
acc (N, η)
)
+ βf (η) = ff(η)αf (η0) exp
(
− θf (η0)κ
acc (N, η0)
)
+ ff(η)βf(η0) (24)
Substituting equation (22) into equation (24) results in:
αf(η) exp
(
− θf (η) κ
acc (N, η)
)
+ βf (η) = ff(η)αf(η0) exp
(
− θf (η0)
κacc (N, η)
ff(η)
)
+ ff(η)βf(η0) (25)
Equation (25) applies if:
αf (η) = α
0
f ff (η) (26)
θf (η) =
θ0f
ff (η)
(27)
and
βf (η) = β
0
f ff (η) (28)
where α0f = αf(η0), θ
0
f = θf(η0), and β
0
f = βf(η0) are material parameters related to frictional sliding. The
function ff (η) accounts for the influence of the average stress state on the accumulation rate for frictional
sliding. The following law is proposed in terms of the stress ratio η = q/p:
ff (η) = −η + exp (−(η + ηc)) (29)
where the critical stress ratio ηc equals −6 sinφc/ (3− sinφc) with φc the critical friction angle. For stress
ratios approaching the critical stress ratio ηc, the function ff (η) in equation (29) increases exponentially,
reflecting high accumulation rates for stress states close to the yield limit. The strain accumulation rate
decreases with decreasing stress ratios. For isotropic stress conditions, i.e. η = 0, dκacc/dN vanishes as no
deviatoric stresses are applied.
In a similar way, the dependency of the model parameters αc, θc and βc on the stress state is elaborated
based on the fact that the ratio of two compaction curves at different hydrostatic stresses p and p0 is
constant:
ǫacc,c(N, p) = fc(p)ǫ
acc,c(N, p0) (30)
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where fc(η) is a scaling parameter. Equation (30) is alternatively written as:
dǫacc,c
dN
(N, p) = fc(η)
dǫacc,c
dN
(N, p0) (31)
As for the deviatoric strains, this results in:
αc (p) = α
0
cfc (p) (32)
θc (p) =
θ0c
fc (p)
(33)
and
βc (p) = β
0
cfc (p) (34)
The parameters αc, θc and βc only depend on the average effective mean pressure p. α
0
c = αc(p0), θ
0
c = θc(p0)
and β0c = βc(p0) are material parameters related to volumetric compaction.
The function fc (p) accounts for the influence of the average effective mean pressure p on the accumu-
lation rate for volumetric compaction. For decreasing absolute values of hydrostatic pressures increasing
accumulation rates are observed [23]. Therefore, the following law is proposed:
fc (p) = exp (Ccp) (35)
where Cc is a model parameter. Equation (35) reaches its maximum 1 at p = 0. For increasing compression,
the hydrostatic pressure p < 0 becomes more negative and fc decreases.
3. Model calibration
3.1. Accumulation model under triaxial conditions
For the calibration of all model parameters, results of drained stress-controlled cyclic triaxial tests are
used. Under triaxial conditions, the soil sample is confined by a hydrostatic stress σc, while an additional
vertical stress σv is applied. The stress state is axisymmetric around the vertical axis and is characterized
by the hydrostatic stress p = σc +
1
3
σv and the deviatoric stress invariant q = |σv| (figure 2). As a result of
the application of these load cycles, a vertical deformation ǫzz and radial deformation ǫrr are observed. This
deformation is characterized by the volumetric strain ǫkk = ǫzz + 2ǫrr and the deviatoric strain invariant
κ = 2
3
|ǫzz−ǫrr| that are energetically conjugate to the hydrostatic stress p and the deviatoric stress invariant
q, respectively.
In a cyclic triaxial test, the mean stress tensor is constant and the accumulation law can be integrated
analytically. For the deviatoric strains, integration of equation (20) with respect to the number of cycles N
results in:
κacc =
1
θf
ln
(
exp (+θfβfN)
(
αf
βf
+ exp (+θfκ
acc
0 )
)
−
αf
βf
)
(36)
Similarly, integration of equation (21) yields:
ǫacc,ckk = −
1
θc
ln
(
exp (+θcβcN)
(
αc
βc
+ exp (+θcǫ
acc,c
kk0 )
)
−
αc
βc
)
(37)
In equations (36) and (37), κacc0 and ǫ
acc,c
kk0 denote the initial accumulated strain at the onset of cyclic loading,
which can be assumed to be zero for virgin samples. The total accumulated volumetric strain equals:
ǫacckk = d0κ
acc + ǫacc,ckk (38)
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Figure 2: Stress state in a cyclic triaxial test.
3.2. Model calibration with respect to the influence of stress conditions
For the calibration of the accumulation model with respect to the influence of the stress state, cyclic
triaxial test data from Wichtmann [23] are used. 20 cyclic triaxial tests at different stress levels p and stress
ratios η are carried out, listed in Table 1. The investigations are done on a uniform, medium coarse to
coarse sand, referred to as sand No. 3 in the work of Wichtmann [23]. All samples are prepared with a
relative density of about 60%. The cyclic load ratio ζ = σcyczz /p is constant and equal to 0.30 in all tests.
N = 100000 load cycles are applied while the accumulated axial strain ǫacczz and accumulated volumetric
strains ǫacckk are recorded. From these measurements κ
acc and ǫacc,ckk are computed as:
κacc =
1
3
|ǫacckk − ǫ
acc
zz | (39)
and
ǫacc,ckk = d0κ
acc − ǫacckk (40)
3.2.1. Elastic model parameters
The elastic model parameters are derived from equation (7) that relates the cyclic stresses to the cyclic
strains. Equation (7) is rewritten in order to relate the hydrostatic stress pcyc = 1/3σcyckk to the volumetric
elastic strain ǫcyckk as:
pcyc = Ktǫ
cyc
kk (41)
In cyclic triaxial tests, the relation between pcyc and ǫcyckk is characterized by these hysteresis loops. Therefore,
the elastic bulk modulus Kt for each sample is determined from the slope of the ǫ
cyc
kk -p
cyc hysteresis loops
[9]. The hysteresis loop for the 20th cycle is used, since it can be assumed that the sample has passed an
initial conditioning. Furthermore, a constant Poisson’s ratio ν = 0.3 is assumed, which is appropriate for
medium dense compacted sands [3].
Next, the parameters Kref and ne are determined by a linear least-squares regression, fitting equation
(6) to the measurements on a double logarithmic scale. Selecting a reference pressure pref = 100 kPa, this
results in Kref = 133MPa and ne = 0.52. Figure 3 shows a good correspondence between the predicted and
measured bulk moduli.
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p q η ζ
[kPa] [kPa] [-] [-]
Test 1 -100 25 -0.250 -0.300
Test 2 -100 50 -0.500 -0.300
Test 3 -100 100 -1.000 -0.300
Test 4 -100 125 -1.250 -0.300
Test 5 -100 131.3 -1.313 -0.300
Test 6 -200 75 -0.375 -0.300
Test 7 -200 100 -0.500 -0.300
Test 8 -200 125 -0.625 -0.300
Test 9 -200 150 -0.750 -0.300
Test 10 -200 175 -0.875 -0.300
Test 11 -200 200 -1.000 -0.300
Test 12 -200 225 -1.125 -0.300
Test 13 -200 237.6 -1.188 -0.300
Test 14 -200 262.6 -1.313 -0.300
Test 15 -200 275 -1.375 -0.300
Test 16 -300 75 -0.250 -0.300
Test 17 -300 150 -0.500 -0.300
Test 18 -300 300 -1.000 -0.300
Test 19 -300 375 -1.250 -0.300
Test 20 -300 393.3 -1.313 -0.300
Table 1: Stress conditions for the tests of Wichtmann [23] used for model calibration.
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Figure 3: Elastic bulk modulus K as a function of the hydrostatic pressure p. The predicted bulk modulus (solid line) and the
experimental bulk modulus (circles) are compared.
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3.2.2. Accumulation model parameters
A non-linear least-squares procedure is used to fit curves (36) to the test data for the accumulated
deviatoric strain. This procedure results in the parameters α0f = 2.45× 10
−4, β0f = 2.30× 10
−8, θ0f = 1162,
Cf = 5.73, and ηc = −1.30. The calibrated parameter ηc = −1.30 corresponds to the actual critical stress
ratio η ≈ −1.25 of the sand under consideration. Figure 4 compares the experimental data to the respective
calibrated accumulation curve, where a good correspondence is observed.
Subsequently, a non-linear least squares procedure is used to fit the curves (37) to the test data for the
accumulated volumetric strain. This procedure results in α0c = 1.12 × 10
−4, β0c = 4.42 × 10
−8, θ0c = 1367,
Cc = 3.30 × 10
−7Pa−1, and d0 = 0.31. The calibrated dilation d0 = 0.31 is in correspondence with values
found in literature ranging from d0 = 0.20 to d0 = 0.35 [18]. Figure 5 compares the experimental data with
the respective calibrated accumulation curve.
In order to further assess the modeling error, the accumulated strains ǫaccrr and ǫ
acc
zz are computed for
each test from equation (14). Figures 6 and 7 compare the recorded data of tests 1 to 20 to the respective
predicted curves.
Good agreement between model and test data is achieved for all tests and at different hydrostatic stresses
p. This demonstrates that the present model is suitable for the description of accumulation behavior of
granular soil.
3.2.3. Prediction of the dilative behavior at large stress ratios
While the p-dependence of ǫacckk is directly described by the function fc(p), the η-dependence of ǫ
acc
kk is
due to the portion d0 of κ
acc. This dependence is studied by computing the accumulated volumetric strain
from equation (14):
dǫacckk
dN
= d0
dκacc
dN
+
dǫacc,ckk
dN
(42)
Introducing equations (20) and (21) yields:
dǫacckk
dN
= d0 [αf exp(−θfκ
acc) + βf ]− [αc exp(+θcǫ
acc,c
kk ) + βc] (43)
At the onset of loading, where κacc = 0 and ǫacc,ckk = 0, the accumulated volumetric strain rate equals:
dǫacckk
dN
= d0
(
α0f + β
0
f
)
ff(η)−
(
α0c + β
0
c
)
fc(p) (44)
The accumulated volumetric strain rate is plotted in figure 8 as a function of the stress state. This demon-
strates that the model correctly predicts a change from compactive behavior at low stress ratios η to a
dilative behavior near the critical state line.
3.3. Model calibration with respect to the influence of void ratio and cyclic strain amplitude
In this section, the presented accumulation model is applied for the prediction of accumulation under
varying void ratio and cyclic strain amplitude. The model is calibrated using a number of triaxial tests on
sand of Mol [9], a uniform fine grained sand comparable to the sand No. 3 used in the tests of Wichtmann
[23]. The samples were prepared using moist tamping with undercompaction. This technique allows for
the preparation of samples with target densities and results in a sufficiently homogeneous samples and test
repeatability [21]. The samples are subjected to drained stress-controlled tests [9].
Six tests have been performed at a constant stress state (p = −200 kPa, η = −0.75) but with varying
void ratio and cyclic loading amplitude (table 2). The void ratio ranges from e = 0.691 to e = 0.8 while the
cyclic loading amplitude, defined as ǫamp =
√
(ǫcycrr )2 + 2(ǫ
cyc
zz )2, ranges from 0.0085 to 0.0245.
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Figure 4: Measured and calibrated accumulated deviatoric strains κacc for tests of Wichtmann [23].
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Figure 5: Measured and calibrated deviatoric volumetric strains ǫacc
kk
for tests of Wichtmann [23].
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Figure 6: Measured and calibrated strains ǫacc
1
for tests of Wichtmann [23].
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Figure 7: Measured and calibrated strains ǫacc
3
for tests of Wichtmann [23].
−1.5 −1.25 −1 −0.75 −0.5 −0.25 0
−2
−1
0
1
2
3
x 10−4
Stress ratio [−]
Vo
lu
m
et
ric
 s
tra
in
 ra
te
 [−
]
Figure 8: Accumulated volumetric strain rate dǫacc
kk
/dN at the onset of loading (κacc = 0 and ǫacc,c
kk
= 0) as a function of the
stress ratio η at p = −100 kPa (solid line), p = −200 kPa (dashed line), and p = −300 kPa (dotted line).
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Test e ǫcyczz p η Kref
[-] [%] [kPa] [kPa] [MPa]
LT1 0.800 0.0135 -200 -0.75 120
LT2 0.775 0.0130 -200 -0.75 120
LT3 0.691 0.0085 -200 -0.75 180
LT4 0.740 0.0215 -200 -0.75 120
LT5 0.709 0.0245 -200 -0.75 130
LT6 0.745 0.0230 -200 -0.75 130
Table 2: Reference bulk moduli Kref for different long term accumulation tests on the sand of Mol.
3.3.1. Elastic model parameters
The elastic material properties of the sand of Mol are similar to the properties of sand No. 3. Accordingly,
parameters ν, pref , and ne, calibrated for sand No. 3 are adopted here for the sand of Mol. The tangent
bulk modulus Kt differs with varying strain amplitudes and void ratios. Therefore, the reference bulk
modulus Kref is determined for each test separately. Table 2 lists the corresponding values together with
the respective void ratio e after consolidation and strain amplitude ǫcyczz .
3.3.2. Accumulation model parameters
In order to account for the influence of the void ratio and the loading amplitude, Equations (26) to (28)
are modified as:
αf (η) = α
0
f fffefampl (45)
θf (η) =
θ0f
fffefampl
(46)
βf (η) = β
0
f fffefampl (47)
Similarly, equations (32) to (34) are modified as:
αc (p) = α
0
cfcfefampl (48)
θc (p) =
θ0c
fcfefampl
(49)
βc (p) = β
0
cfcfefampl (50)
where fe and fampl account for the dependency on the void ratio e and the cyclic loading amplitude,
respectively. Due to the limited amount of test data, no new formulation is proposed and the dependencies
are adopted from Wichtmann [23]:
fe =
(Ce − e)
2
(Ce − eref)2
1 + eref
1 + e
(51)
Equation (51) accounts for the dependency on the void ratio e by means of two model parameters Ce and
eref .
The function ff is defined as:
ff =
(
ǫamp
ǫampref
)2
(52)
and accounts for the dependency on the cyclic loading amplitude ǫamp where ǫampref is a reference amplitude.
For the present experiment, ǫampref = 0.003 is considered.
The influence of the state of stress on the strain accumulation is assumed to be independent from the
material. As a consequence, the parameters Cf , Cc, ηc, and d0 are adopted from sand No. 3. Subsequently,
the accumulation model parameters α0f , β
0
f , θ
0
f , α
0
c , β
0
c , and θ
0
c are determined.
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Figure 9: Measured accumulated deviatoric strain κacc for tests LT1 to LT6.
Figure 9 shows the measured accumulated deviatoric strain. For tests LT1 to LT4 very small accumulated
deviatoric strains κacc are recorded as shown in Figure 9. These small values result in a relatively large
measurement error. Therefore, the best fit for tests LT1 to LT4 is a vanishing κacc. This can be accounted
for in the model by very large values of θ0f . In this case the influence of α
0
f and β
0
f becomes small. They are
thus set to default values. θ0f is set to 100000. With this high value, no significant changes in the resulting
accumulation curves are detected.
Subsequently, a non-linear least squares procedure is used to fit equation (37) to the test data for the
accumulated volumetric strain. This results in α0c = 16.3×10
−4, β0c = 1.63×10
−6, θ0c = 86.68, and Ce = 85.
Figure 10 compares the experimental data with the respective calibrated accumulation curve. Since κacc
is small with respect to ǫacckk , the influence of this error is minimized. An exception is the axial strain of
test LT4 where the fitting error of κacc becomes relevant. The accuracy of the prediction is satisfactory,
despite the limited amount of test data. This is mainly related to the fact that the model parameters are
insensitive to small changes of the void ratio and loading amplitude. A scatter of soil parameters of ±10%
in laboratory investigations or under in-situ conditions is not unusual. Accordingly, it is difficult to identify
a causal connection of certain parameters. Furthermore, the character of the relation may vary for different
soils.
4. Conclusions
In this paper, an accumulation model for settlements due to vibrations at small strain levels in granular
non-cohesive soils has been proposed. It is assumed that the dynamic part of the loading is small with
respect to the static part, reflecting the stress conditions in the soil underneath buildings. As the plastic
deformation in the soil is only observed after a considerable amount of dynamic loading cycles, only the
accumulation of the average plastic deformation is considered.
It is assumed that the accumulation is caused by two distinct mechanisms: frictional sliding and volu-
metric compaction of soil particles. Correspondingly, use is made of two state variables for frictional sliding
and volumetric compaction, respectively. Following the observation that the direction of accumulation only
depends on the stress state, the direction of accumulation is derived from the Mohr-Coulomb yield function.
Furthermore, the assumption of a common compaction curve has been made, implying that the shape
of the compaction curve is invariant with respect to a variation of a parameter. Based on this assumption,
a phenomenological law is put forward that describes the shape of the compaction curve. The strain accu-
mulation rate is formulated independent from the number of load cycles and two independent accumulation
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Figure 10: Measured and calibrated accumulated volumetric strains ǫacc
kk
for tests LT1 to LT6.
laws for deviatoric and volumetric strain portions are introduced to ensure a flexible applicability of the
model.
The presented accumulation model is calibrated to cyclic triaxial test results. Despite of several simpli-
fications, coming along with the very limited number of model parameters, sufficient accuracy is reached in
accumulation prediction. Although a broader data base is desirable, the prediction corresponds well to the
test data.
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